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ABSTRACT

ant colony exhibits intelligent behavior known as swarm intelligence.
This kind of swarm intelligence has been transferred to
an optimization paradigm known as ant colony optimization
(ACO). ACO algorithms have been successfully applied to
the traveling salesman problem (TSP), the Quadratic Assignment Problem, network routing problems, and many
other combinatorial problems [7]. The search of an ant is
modeled by a random walk on a graph. An ant starts from
a source node in search for a target node that represents
food. On each edge a certain amount of artiﬁcial pheromone is deposited. At each node each ant chooses which
edge to take next. This choice is made probabilistically and
according to the amount of pheromone placed on the edges.
Pheromones can thus be seen as a collective memory of an
ant colony.
As in real ant colonies, the pheromones evaporate over
time. The amount of evaporation is determined by the socalled evaporation factor ρ, 0 < ρ < 1. In every pheromone
update on every edge a ρ-fraction of the pheromone evaporates, i. e., if the edge contains pheromone τ , the remaining
amount of pheromone is (1 − ρ) · τ and then eventually new
pheromone is added. Intuitively, a large evaporation factor implies that the impact of previously laid pheromones
diminishes quickly and new pheromones have a large impact on the system. Small evaporation factors, on the other
hand, imply that the system only adapts slowly to new pheromones.
The current state of an ACO algorithm depends crucially
on the pheromone values. As pheromones depend on a long
history of past solutions, ACO algorithms are, in general,
harder to analyze than other search heuristics such as evolutionary algorithms (cf. the survey by Witt [39]). The current
population in an evolutionary algorithm typically is Markovian. Contrarily, the set of the most recent solutions of
an ACO algorithm generally is not Markovian as new solutions crucially depend on pheromone values. However, if we
consider a stochastic process where the current pheromones
are included as part of the current state then we can obtain a Markovian model of an ACO algorithm. In contrast
to Markov-chain models of evolutionary algorithms, such
a Markov chain contains continuous components as pheromones are real valued.
We contribute to the methods used for the analysis of
ACO and other randomized search heuristics using ideas
from the powerful Markov chain Monte Carlo (MCMC) paradigm [17]. This paradigm has been widely used to design efﬁcient sampling algorithms via simulations of simple Markov

The Markov chain Monte Carlo paradigm has developed
powerful and elegant techniques for estimating the time until
a Markov chain approaches a stationary distribution. This
time is known as mixing time. We introduce the reader into
mixing time estimations via coupling arguments and use the
mixing of pheromone models for analyzing the expected optimization time of ant colony optimization. We demonstrate
the approach for plateaus in pseudo-Boolean optimization
and derive upper bounds for the time until a target set is
found. We also describe how mixing times can be estimated
for MMAS ant systems on shortest path problems.
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1.

INTRODUCTION

Ant colonies in nature are capable of solving complex optimization problems, such as ﬁnding shortest paths between
their nest and a food source. Certain ant species achieve this
goal by a simple communication mechanism. These ants deposit pheromones on the ground while searching for food.
These chemicals attract other ants, which then tend to follow pheromone trails. The more promising the food source,
the more pheromone is deposited. Also, the shorter the path,
the quicker it is invested with pheromones as more and more
ants are attracted to following the path. Although the cognitive capabilities of a single ant are very limited, a whole
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chains. The most famous applications include approximating the permanent of a matrix [18], sampling proper colorings of a graph [14] and computing the volume of convex
bodies [26].
As common in MCMC, we regard an ACO algorithm as a
Markov chain that—under some conditions—converges to a
stationary distribution that represents an equilibrium state
of the system. Properties of the system, such as the optimization time or other performance measures, can then be
assessed using knowledge on the stationary distribution and
the time until the system has come close to the stationary
distribution. The latter time is known as mixing time.
The task of estimating mixing times for ACO is non-trivial
as a Markov chain model of ACO must reﬂect the pheromone
model—a probabilistic model with continuous components.
In particular, the number of states attained by an ACO
system may be (countably) inﬁnite. A second diﬃculty is
that, unlike for Markov chains for the Metropolis algorithm
or the (1+1) EA on a plateau the Markov chain of an ACO
algorithm is not time-reversible: while it may be possible
to move from state x to state y, the reverse operation is, in
general, impossible. Decreasing a pheromone of τ yields a
value of (1 − ρ)τ . But a reinforcement of the latter value
yields pheromone (1 − ρ)2 τ + ρ, which in general is not equal
to τ .
Nevertheless, we show in the following that it is possible
to apply mixing time estimations and MCMC techniques to
ACO and that this can be used for bounding the expected
optimization time. We are conﬁdent that the presented techniques will ﬁnd further applications for other probabilistic
model-building algorithms and non-elitist search heuristics.
This in particular includes evolutionary algorithms using
more sophisticated selection mechanisms as cut selection for
the environmental selection. This topic is highly relevant as
there is a trend towards theoretical analyses of non-elitist
evolutionary algorithms [13, 19, 23, 35].
After surveying previous work in Section 2, Section 3 introduces techniques for estimating the mixing time. This
part can serve as a reference for researchers working on theory of randomized search heuristics. Section 4 then discusses
possible implications that can be drawn from mixing times
and stationary distributions. Section 5 demonstrates these
techniques in an application to pseudo-Boolean optimization
and Section 6 explains how the mixing time can be estimated
for MMAS-type algorithms for shortest path problems in directed acyclic graphs. We ﬁnish with concluding remarks in
Section 7.

2.

“distance” between the current distribution and the stationary distribution was bounded by ad hoc arguments, see the
proof of Theorem 10 in Doerr, Gnewuch, Hebbinghaus, and
Neumann [4] or Lemma 3 in Lässig and Sudholt [22]. Markov
chain Monte Carlo techniques have recently also been used
to establish conditions for the success of the Metropolis algorithm in the context of optimization by Sanyal, S, and
Biswas [38]. The Metropolis algorithm is a very convenient
algorithm for MCMC techniques as for this algorithm it is
very easy to compute the stationary distribution.
The ﬁrst running time analyses of ACO were presented
independently by Gutjahr [10] (a technical report appeared
in 2006) and Neumann and Witt [30, 32]. These studies
focused on simple pseudo-Boolean functions, after this kind
of work was explicitly demanded in a survey by Dorigo and
Blum [6].
Neumann and Witt [30], Doerr, Neumann, Sudholt, and
Witt [5], and Doerr and Johannsen [3] studied a simple algorithm 1-ANT that constructs a pseudo-Boolean solution
according to a straightforward construction graph where an
ant makes independent choices for each bit. The 1-ANT
records the best solution found so far. In case a new solution is found which is not worse, the new solution replaces
the old one and pheromones are updated with respect to the
new solution. This mechanism implies that each new bestso-far solution leads to only one pheromone update. The
mentioned studies have shown that in case ρ is too small
this leads to a stagnation behavior as the knowledge gained
through improvements cannot be adequately stored in the
pheromones. There is a phase transition from polynomial to
exponential optimization times for decreasing ρ.
In a diﬀerent line of research, Gutjahr and Sebastiani [11]
and Neumann, Sudholt, and Witt [36] studied an algorithm
called MMAS, where the current best-so-far solution is reinforced in every generation. This holds regardless of whether
the best-so-far solution has been changed or not. This means
that the algorithm might reinforce the same solution over
and over again, until the best-so-far solution is replaced.
In stark contrast to the 1-ANT, the increased greediness of
MMAS leads to polynomial upper bounds on simple pseudoBoolean functions.
Recently, Neumann, Sudholt, and Witt [37] investigated
a variant of MMAS with so-called iteration-best update. Instead of recording the current best-so-far solution, the algorithm creates λ ant solutions in each iteration and it reinforces the best one. This is similar to comma strategies in
evolutionary computation. A surprising result is that λ = 2
ants are suﬃcient for optimizing OneMax in O(n log n) expected iterations. This result only holds if ρ is chosen appropriately. In particular, the authors prove that if ρ is too
large (with respect to a trade-oﬀ between ρ and λ) then the
expected optimization time is exponential, for every function with a unique global optimum. This phase transition is
surprising as the eﬀect is opposite to the phase transition for
the 1-ANT; for iteration-best it is essential to choose small
values of ρ.
Besides these results also analyses for hybridization with
local search [34] and for ACO in combinatorial optimization have appeared. Neumann and Witt [31] investigated
ACO algorithms for ﬁnding minimum spanning trees. They
considered two diﬀerent construction procedures and proved
that for one procedure the use of heuristic information leads
to a performance that is better than the performance of a

PREVIOUS WORK

This work does not claim to be the ﬁrst one using Markov
chain Monte Carlo techniques in the context of randomized
search heuristics. Markov chain techniques including arguments on stationary distributions have already been used
for the analysis of evolutionary algorithms (see, e. g., Mitavskiy, Rowe, Wright, and Schmitt [27] and the references
therein). In terms of running time analysis, for instance,
Garnier, Kallel, and Schoenauer [9] used recurrence arguments based on stationarity for the analysis of the simple
(1+1) EA on a needle function. Due to the lack of timereversibility, this approach cannot be transferred to nontrivial ACO algorithms.
Also ad hoc mixing time approaches have been presented
before in the context of evolutionary algorithms, where the
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simple evolutionary algorithm [29], in terms of the number
of function evaluations.
Zhou [40] considered ACO for very simple instances of
the TSP. This study was signiﬁcantly extended by Kötzing,
Neumann, Röglin, and Witt [21] who considered two diﬀerent construction procedures and presented an average-case
result for the performance of ACO. Kötzing, Lehre, Oliveto,
and Neumann [20] investigated the performance of ACO for
the minimum cut problem, but they only presented negative
results for pheromone-based construction procedures.
Finally, Attiratanasunthron and Fakcharoenphol [2] and
Horoba and Sudholt [15] considered ACO for the classical
problem of ﬁnding shortest paths in graphs. The former authors presented an ant system n-ANT and proved that it
can solve the single-destination shortest paths problem on
directed acyclic graphs in O((mΔ log(Δ))/ρ) expected iterations. Here m is the number of edges, Δ is the maximum
degree in the graph and  is, loosely speaking, the maximum
number of edges on any shortest path in the graph. This
bound was later improved to O(Δ2 + ( log(Δ))/ρ) iterations by Horoba and Sudholt [15] for a modiﬁed ant system
MMASSDSP , when all shortest paths are unique. This algorithm is faster than n-ANT (when comparing upper bounds)
and it overcomes the limitation to acyclic graphs. For the
all-pairs shortest path problem a simple interaction mechanism between ants searching for diﬀerent destinations leads
to a remarkable speed-up, if ρ is not too large. This is another example where a slow adaptation of pheromones leads
to the best known performance guarantees.
The last authors also presented an extension for stochastic shortest paths [16]. In this setting all edge weights are
subject to noise that reﬂects possible delays and the task is
to discover the real shortest paths despite the noise. They
proved that in some settings the noise can mislead the search
so that the system needs exponential time for ﬁnding decent
approximate shortest paths.

3.

The mixing time is directly related to the eﬃciency of
a sampling algorithm. Therefore, MCMC has developed
powerful and interesting techniques for bounding the mixing
time.
A sequence (Xt ) = X0 , X1 , . . . of elements from Ω is a
Markov chain if for all x0 , . . . , xt
Prob (Xt = xt | X0 = x0 , . . . , Xt−1 = xt−1 )
= Prob (Xt = xt | Xt−1 = xt−1 ) .
In words, the current state depends only on the previous
state. The Markov chain can therefore be described by
transition probabilities: let P (x, y) denote the probability
of moving to state y given that the current state is in x.
Then P t (x, y) denotes the probability of moving from x to
y in exactly t steps.
Note that we can describe the Markov chain solely via
its transition probabilities. A convenient way to do so is
to take a matrix P of all transition probabilities. Given a
current distribution xt at time t then xt+1 = xt P describes
the distribution at time t + 1.
Under certain conditions a Markov chain converges to a
ﬁxed distribution, known as stationary distribution.
Definition 1. A probability distribution π is a stationary
distribution for P if π = πP .
Once the chain has reached the stationary distribution, the
current state will always be distributed according to π. We
also say that the chain is at stationarity.
Definition 2. A Markov chain is called irreducible if
there is a positive probability of reaching any target state
from each state in ﬁnite time. Formally: for all states x, y
there exists some t ∈ N0 such that P t (x, y) > 0.
For irreducible chains it might be the case that certain
states may only be reachable periodically. For instance, we
might have a Markov chain where with an initial state x0
some state x only has positive probability if t is odd. In this
case we would not expect the Markov chain to converge to
a stationary distribution. The opposite term is aperiodicity.

MARKOV CHAINS AND MIXING TIMES

After having described previous work on the analysis of
ACO, we start oﬀ with an introduction into mixing time
techniques from Markov chain Monte Carlo. The basics described in this section can also be found in various book
chapters and text books [1, 17, 24].
Mixing time estimations have deep roots in the Markov
chain Monte Carlo paradigm. MCMC is a simple yet powerful technique for sampling that has found many applications (see Liu [25] for a detailed coverage of applications).
Assume we have a space Ω and a positive weight function
w : Ω → R+ . The goal is to sample x ∈ Ω with a probability that is proportional to its weight, i. e., with probability 
π(x) = w(x)/Z where Z is the sum of all weights,
Z := x∈Ω w(x). The problem is that often Z is unknown.
The idea of Markov chain Monte Carlo is to construct a
Markov chain (Xt ) on the space Ω that converges to the
desired distribution π. More precisely, we require that the
probability of the current state being x at time t converges to
π(x) as t → ∞, regardless of the initial state: for all x0 ∈ Ω
Prob (Xt = x | X0 = x0 ) → π(x). In such a setting one can
simulate the Markov chain for a suﬃciently long time and
then take the current state of the chain as an approximate
sample. A crucial question is how long we need to simulate
the Markov chain in order to get close to π. This time is
called the mixing time of the Markov chain.

Definition 3. A Markov chain P is aperiodic if for all
states x, y we have gcd{t : P t (x, y) > 0} = 1.
A Markov chain is aperiodic if it is irreducible and if there is
at least one state z ∈ Ω with a positive self-loop probability,
i. e., P (z, z) > 0. The reason is that from any state x there
is a positive probability of reaching z in ﬁnite time, spending
an arbitrary ﬁnite number of steps in the self-loop, and then
moving on to y. This excludes the existence of periods.
For ﬁnite Markov chains it is known that irreducibility and
aperiodicity implies that the Markov chain has a unique stationary distribution. In this case the Markov chain is called
ergodic. As we will have to deal with countably inﬁnite state
spaces, we need one further condition. We have to know that
some states can be revisited in ﬁnite time, formalized by the
term positive recurrence.

Definition 4. State x is recurrent if t≥1 P t (x, x) = 1.
A recurrent state x is positive recurrent
if its expected time

t
to return to x from x is ﬁnite:
t≥1 t · P (x, x) < ∞.
The following theorem is known as the fundamental theorem of Markov chains. The precise formulation is taken from
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Mitzenmacher and Upfal [28, Theorem 7.11]; it states under
which conditions a Markov chain with a ﬁnite or countably
inﬁnite state space converges to a stationary distribution.

Definition 7 (Coupling). A coupling of a Markov
chain P is a pair process (Xt , Yt ) where both Xt and Yt ,
viewed in isolation, are copies of the Markov chain P and
for all t it holds that if Xt = Yt then Xt+1 = Yt+1 .

Theorem 1 (Fundamental Theorem). Any irreducible aperiodic Markov chain belongs to one of the following
two categories:

The random time until the two processes have coupled is
called the coupling time: Txy = min{t : Xt = Yt | X0 =
x, Y0 = y}. The worst-case coupling time for all x and y is
related to the total variation distance between the current
distribution and the stationary distribution as follows.

1. the chain is ergodic—for any pair of states i and j the
limit limt→∞ P t (j, i) exists and is independent of j,
and the chain has a unique stationary distribution πi =
limt→∞ P t (j, i) or

Lemma 3.

2. no state is positive recurrent—for all states i and j,
limt→∞ P t (j, i) = 0, and the chain has no stationary
distribution.

max ||p(t)
x − π|| ≤ max Prob (Txy > t)
x∈Ω

x,y∈Ω

This immediately implies that the worst-case coupling time
gives an upper bound on the mixing time.

The distance between the current distribution and the stationary distribution is measured as follows.

Corollary 4.

Definition 5 (Total variation distance). For two
probability distributions μ and ν on Ω the total variation
distance is deﬁned as
1
|μ(x) − ν(x)| = max |μ(A) − ν(A)|.
||μ − ν|| =
A⊆Ω
2 x∈Ω

t(ε) ≤ min{t : max Prob (Txy > t) ≤ ε}.
x,y∈Ω

Intuitively, the reason why the worst-case coupling time is
an upper bound for the mixing time is that it gives an upper
bound for the time until a Markov chain X with an arbitrary
initialization has coupled with another Markov chain Y that
is at stationarity. The reason for this is that the stationary
distribution is a convex combination of point distributions
(i. e. the initial state has some ﬁxed value with probability 1).

The total variation distance is thus the maximum diﬀerence
in probability for any set A ⊆ Ω.
Definition 6 (Mixing time). Consider an ergodic
Markov chain starting in x with stationary distribution π.
(t)
Let px denote the distribution of the Markov chain after t
steps. Let tx (ε) be the time until the total variation distance
between the current distribution and the stationary distri(t)
bution has decreased to ε: tx (ε) = min{t : ||px − π|| ≤ ε}.
Let t(ε) := maxx∈Ω tx (ε) be the worst-case time until this
happens.
The mixing time tmix of the Markov chain is then deﬁned
as tmix := t(1/(2e)).

4. HOW TO USE MIXING TIME ESTIMATIONS
Let us discuss how estimations of the mixing time can be
used for the analysis of randomized search heuristics. The
goal of MCMC is the design of eﬃcient sampling algorithms.
A randomized search heuristic can be regarded as an algorithm trying to sample the set OPT of global optima.

The constant 1/(2e) is chosen somewhat arbitrarily; any
other constant strictly smaller than 1/2 would lead to essentially the same results. In fact, when considering a time
of αtmix for some α > 1 then the total variation distance decreases exponentially with α. This shows that an arbitrary
precision can be achieved by letting the Markov chain run
suﬃciently long. The following statement is well known; a
proof is given, e. g., in Levin et al. [24, page 55].

Theorem 5. Consider a randomized search heuristic that
can be represented by an ergodic Markov chain with stationary distribution π. Let OPT be the set of global optima and let tmix denote the mixing time on the considered
problem. Then the expected optimization time is at most
tmix · O(log(1/π(OPT)))/π(OPT).
Proof. For any initial state we have that after t :=
t(π(OPT)/2) steps the total variation distance between the
(t)
current distribution px and the stationary distribution π
(t)
has decreased to at most ||px − π|| ≤ π(OPT)/2. By
the deﬁnition of total variation distance this means that
(t)
(t)
|px (OPT) − π(OPT)| ≤ π(OPT)/2 and hence px (OPT) ≥
π(OPT)/2. So, after t steps the probability of being in a
global optimum is at least π(OPT)/2. If this is not the case
we wait for another t steps and repeat the arguments. Along
with Lemma 2, the expected optimization time is at most

Lemma 2. t(ε) ≤ tmix log(1/ε).
One way to derive upper bounds on the mixing time of
a Markov chain is by means of couplings. Given a Markov
chain P a coupling is a pair process of two random processes (Xt , Yt ). Each process represents a copy of the original Markov chain, i. e., the transition probabilities for both
Xt and Yt are speciﬁed by P . However, Xt and Yt can follow
a joint distribution, so that Xt and Yt need not be independent. For instance, we can let Xt and Yt make the same
random decisions, thus sharing the same source of randomness, as long as we do not change the transition probabilities. In fact, the goal of a coupling is to couple both Markov
chains such that both chains at some point of time attain
the same state. Whenever this happens, the two processes
will always have the same state—we say that then Xt and
Yt have coupled.

2t(π(OPT)/2)/π(OPT) ≤ 2tmix ·log(2/π(OPT)) /π(OPT).

Note that we have to wait for the mixing time every time
we are unsuccessful in sampling OPT. This is because the
condition of not having found OPT implies a bias for the
distribution of states in the next step. Hence, we have to
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wait for another mixing time steps to “reset” the current distribution towards a distribution that is close to stationarity.
Another use of mixing time arguments is the following.
Assume we are interested in maximizing some performance
criterion g that only depends on the current state of the algorithm. (An adaptation towards minimization is straightforward.) In the case of population-based algorithms one
might think of, for instance, g describing the average, best,
or worst ﬁtness in the current population, or the closeness of
the current population to some target point. After mixing,
this performance measure will be close to the performance
at stationarity.

which edge to take is made according to pheromones on
the edges. Formally, we denote pheromones by a function
τ : E → R+
0 . From vi−1 the edge ei,1 is then taken with
probability τ (ei,1 )/(τ (ei,0 ) + τ (ei,1 )).
MMAS (see Algorithm 1) starts with an equal amount of
pheromone on all edges: τ (ei,0 ) = τ (ei,1 ) = 1/2. Moreover,
we ensure that τ (ei,0 ) + τ (ei,1 ) = 1 holds, i. e., pheromones
for one bit always sum up to 1. This implies that the probability of taking a speciﬁc edge equals its pheromone value;
in other words, pheromones and traversal probabilities coincide. The algorithm also keeps track of the current best-sofar solution x∗ . In every iteration, ﬁrst a new solution x is
constructed and it replaces x∗ if its objective function value
is not worse. Finally, the pheromones are updated with respected to the new best-so-far solution.

Theorem 6. Let g : Ω → R be an arbitrary performance
measure for the current state of the algorithm. Let gmin and
gmax be its minimal and maximal values, respectively, and
α ≥ 1. After tmix · 2α iterations we have E (g) ≥ Eπ (g) −
2−α · (gmax − gmin ) where Eπ (·) denote the expectation of a
random variable drawn according to π.

Algorithm 1 MMAS
1: Set τ (e) := 1/2 for all e ∈ E.
2: Construct a solution x∗ .
3: Update pheromones w. r. t. x∗ .
4: loop
5:
Construct a solution x.
6:
if f (x) ≥ f (x∗ ) then x∗ := x.
7:
Update pheromones w. r. t. x∗ .
8: end loop

Proof. Note that t(2−α ) ≤ tmix log(2α ) ≤ tmix · 2α,
hence after tmix · 2α steps the total variation distance between the current distribution and π is no more than 2−α .
Pessimistically estimating that the g-value is at gmin with
the remaining probability 2−α ,

Prob (g = z) · z
E (g) =
z∈Ω

≥



(1 − 2−α ) · Prob (π = z) · z + 2−α gmin

The pheromone update works as follows. Let P(x∗ ) denote the path of edges that have been chosen in the creation
of x∗ . First, a ρ-fraction of all pheromones evaporates and a
(1 − ρ)-fraction remains. Next, some pheromone is added to
edges that are part of P(x∗ ). To prevent pheromones from
dropping to arbitrarily small values, it is common practice
to restrict all pheromones to a bounded interval. The precise interval is chosen as [τmin , 1 − τmin ] for some parameter
0 < τmin ≤ 1/2. Pheromone bounds are essential to prevent
the pheromones from diverging to values arbitrarily close
to 0 or 1. The following analysis of the mixing time hinges
on these pheromones bounds as a diverging system does not
necessarily mix.
In previous work τmin was set to 1/n, inspired by standard
mutations in evolutionary computation where for every bit
an evolutionary algorithm has a probability of 1/n of reverting a wrong decision. Our results will be more general to
highlight the impact the choice of τmin has on performance.
Depending on whether an edge e is contained in P(x∗ ),
the pheromone values τ are updated to τ  as follows:

z∈Ω

= (1 − 2−α ) · Eπ (g) + 2−α gmin
≥ Eπ (g) − 2−α gmax + 2−α gmin .

We see that mixing time estimates can be useful in various
ways. In the next sections we show some concrete applications to ACO algorithms.

5.

PLATEAUS IN PSEUDO-BOOLEAN OPTIMIZATION

5.1 ACO for Pseudo-Boolean Optimization
As a ﬁrst application we consider MMAS for pseudo-Boolean optimization, i. e., the maximization of a pseudo-Boolean
function f : {0, 1}n → R. Many classical combinatorial
problems can be modeled as a pseudo-Boolean function.
Examples are MAXSAT or selection problems like Knapsack, Vertex Cover, Minimum Spanning Trees or Maximum
Matchings, where a bit indicates whether an object, vertex,
or edge is selected or not.
A solution, i. e., a bit string of length n, can be obtained
by letting an artiﬁcial ant traverse a so-called construction
graph and mapping the path chosen by the ant to binary
values. We use the following natural construction graph. In
addition to a start node v0 , there is a node vi for every bit i,
1 ≤ i ≤ n. This node can be reached from vi−1 by two
edges. The edge ei,1 corresponds to setting bit i to 1, while
ei,0 corresponds to setting bit i to 0. The former edge is also
called a 1-edge, the latter is called 0-edge. An example of a
construction graph for n = 5 is shown in Figure 1.
In a solution construction process an artiﬁcial ant sequentially traverses the nodes v0 , v1 , . . . , vn . The decision

τ  (e) = min {(1 − ρ) · τ (e) + ρ, 1 − τmin } if e ∈ P(x∗ ),
if e ∈
/ P(x∗ ).
τ  (e) = max {(1 − ρ) · τ (e), τmin }
(1)
Note that the pheromones on all 1-edges suﬃces to describe
all pheromones as pheromones for the two edges for each bit
sum up to 1.

5.2 An Upper Bound for MMAS on Needle
Randomized search heuristics are frequently confronted
with plateaus in the search space. Plateaus are regions of
equal ﬁtness. As the ﬁtness does not give any useful hints
as to where to ﬁnd better solutions, the best strategy is
typically to perform a kind of random walk to explore the
plateau. The largest possible plateau in a non-trivial setting
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Figure 1: Construction graph for pseudo-Boolean optimization with n = 5 bits.
is encountered in the function

Needle(x) :=

1
0

everywhere. Instead of looking at the function Needle, we
will consider this constant function. On the constant function, the algorithm behaves independently from the bestso-far search point. Therefore, we can model the current
state of the algorithm by looking at the n pheromones on
the 1-edges only. We also speak of a pheromone vector and
refer to the pheromones on the 1-edges.
The following set describes our state space.

if x = xOPT ,
otherwise,

where xOPT is the unique global optimum. It is known that
every black-box algorithm needs on average at least Ω(2n )
function evaluations, where the average is taken over all possible xOPT [8]. Neumann et al. [36] have shown the following
upper bound for MMAS on Needle.

Definition 8. Let V denote the set of all pheromone vectors τ such that P t (τ ∗ , τ ) > 0 for some t ∈ N and some
τ ∗ ∈ {τmin , 1 − τmin }n .

Theorem 7 (Neumann et al. [36]). The expected optimization time of MMAS with τmin = 1/n on Needle is
bounded from above by O((n/ρ)2 (log n) · 2n ).

The set V might be inﬁnitely large for appropriate ρ in
case there is always one decision—increasing or decreasing
a pheromone value—leading to a pheromone value that has
not been attained before. However, the size of V is at most
countably inﬁnite as for every bit at most two new pheromone values can be reached in one iteration.
We assume in the following that MMAS is initialized with
a pheromone vector in V. Note that this diﬀers from the
common initialization where all pheromones are set to 1/2.
We will ﬁrst prove Theorem 8 with this modiﬁed initialization and at the end of this section we will argue how to prove
the result for the original initialization.
The ﬁrst step for applying mixing time arguments is to
show that the Markov chain fulﬁlls all necessary requirements.

The proof of Theorem 7 in [36] is tailored towards ﬁnding
a single search point. W. l. o. g. assume that 1n is the needle.
Neumann et al. [36] then argue that, for every initial pheromone value, once a pheromone for a speciﬁc bit reaches a
value of at least 1/2 at some point of time t then the probability of creating a bit value 1 at this bit at any ﬁxed point
of time t ≥ t is at least 1/2. Intuitively, the probability
of creating a 1 converges to 1/2 from above. The expected
time until all bits have reached a value of 1/2 at least once
is bounded by O((n/ρ)2 log n) and then the probability of
constructing the needle in the next iteration is 2−n . In case
the needle has not been found, the arguments have to be
repeated from scratch as the event of not ﬁnding the needle
introduces a bias towards low pheromones.
It should be remarked that in [33], a preliminary version
of [36], a coupling argument was used. However, the coupling was trivial as two independent Markov chains were
considered. The result was limited to constant values of ρ as
the estimation of the coupling time breaks down for smaller ρ.
In the following we use coupling arguments with a more
thorough coupling and mixing time estimates to re-prove
Theorem 7 and to prove a more general result that overcomes
the limitation of the needle being a single search point. Despite the larger generality, we emphasize that the focus is on
the new proof method and not so much on the result itself.
Consider a generalized Needle function where the needle
is an arbitrary target set S.

1 if x ∈ S,
NeedleS (x) :=
0 otherwise,

Lemma 9. Assume MMAS starts with a pheromone vector in V. The Markov chain representing the pheromone
vector of MMAS on the constant function is ergodic.
Proof. Let τx , τy be two pheromone vectors in V. By
deﬁnition of V, there is a vector in {τmin , 1 − τmin }, w. l. o. g.
τ ∗ = (τmin , . . . , τmin ), such that τy can be reached from τ ∗
in t steps with positive probability.
If MMAS is currently in state τx , there is a positive probability that MMAS ﬁrst decreases all pheromones to arrive at
(τmin , . . . , τmin ) in ﬁnite time by always creating the search
point 0n . And there is a positive probability of reaching τy
in t further steps. Hence, the Markov chain is irreducible.
It is also aperiodic as there is a positive self-loop probability
for all states where all pheromones are at some pheromone
border.
By Theorem 1 the chain belongs to either of the two stated
categories. To prove that it is ergodic we need to show that
there is at least one positive recurrent state. Consider the
state τ ∗ = (τmin , . . . , τmin ) again. The state is clearly recurrent because of the mentioned self-loop. It is also positive
recurrent since for any state we arrive at τ ∗ after having
reinforced the solution 0n at least ln(1/τmin )/ρ times. The
last term follows from the fact that after evaporating pheromones ln(1/τmin )/ρ times any pheromone value τi has de-

hence S reﬂects all global optima.
In the remainder of this section we will prove the following
result.
Theorem 8. The expected number of iterations until
MMAS ﬁnds the optimum on NeedleS for non-empty S
is bounded from above by O((ρτmin )−2 (log n) · 2n /|S|).
Note that until MMAS ﬁnds the needle, it behaves as if
it was optimizing the constant function that attains value 0
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creased towards τmin :
(1 − ρ)

ln(1/τmin )/ρ

· τi ≤ e

− ln(1/τmin )

settings where some kind of selection is involved, but in our
setting equal bit values imply that the same bit value will
be reinforced.) This allows us to focus on the coupling time
of a single bit, i. e., the time until the pheromone values become equal on one bit. Once all bits have been coupled, X
and Y will always have the same pheromone vector.
What is the coupling time for a single bit? It turns out
that the pheromone borders are essential for this estimation. Assume w. l. o. g. that 0 < τiX < τiY < 1 and let us
assume for a moment that there were no pheromone borders. Consider the distance di (X, Y ) := τiY − τiX between
the pheromones. If ri > τiY then both pheromones are multiplied by (1 − ρ) and the distance also decreases by a factor
of (1 − ρ). Symmetrically, if ri < τiX then the distance is
changed to (1 − ρ)τiY + ρ − ((1 − ρ)τiX + ρ) = (1 − ρ)di (X, Y ).
In the last case, if τiX < ri < τiY then the distance increases
to (1 − ρ)τiY + ρ − (1 − ρ)τiX = (1 − ρ)di (X, Y ) + ρ. The best
case is therefore a compression of the distance by (1 − ρ).
But even then a positive distance can never become 0 as the
state space is continuous.
A conclusion drawn from these insights is that the pheromones have to meet at some border in order to couple.
Gladly, the following simple observation helps. The distance
between X and Y on bit i can be compressed by (1 − ρ),
but it cannot become negative. In other words, τiY cannot
become smaller than τiX ; it always holds that τiY ≥ τiX .
So, when τiX hits the upper pheromone border 1 − τmin , we
must have τiX = τiY . The same holds when τiY hits the
lower pheromone border τmin . The coupling time for a bit
thus boils down to estimating the time until an arbitrary
pheromone value ﬁrst hits a speciﬁc border.

· τi ≤ τmin .

The probability of always creating the solution 0n in this
n·ln(1/τmin )/ρ
time span is at least τmin
. As this holds for every
state, the expected time until we return to τ ∗ is bounded by
−n·ln(1/τmin )/ρ
τmin
+ ln(1/τmin )/ρ < ∞.
Now we know by the fundamental theorem of Markov
chains that there exists a stationary distribution π for the
pheromone vectors of MMAS on the constant function. By
symmetry of bits, we know that all entries of π must follow the same distribution. We do not know the probability
density function for this distribution. Actually, it turns out
that we do not need to know the probability density function. The following insight on the symmetry of bit values is
suﬃcient for our purposes.
Observation 10. Let π denote the stationary distribution for MMAS on the constant function. Then π is symmetric in the following sense: if τy results from τx by “inverting” pheromones on an arbitrary set of bits (inverting
means replacing pheromone z by 1 − z) then π(τx ) = π(τy ).
A simple yet essential conclusion from this observation is
the following.
Lemma 11. If the Markov chain for MMAS on the constant function is at stationarity, the next ant solution is
drawn uniform from {0, 1}n .
 
Proof. By Observation 10 we have Eπ τit = 1/2, where
τit denotes the random pheromone of the i-th bit at time t.
The probability of creating bit value 1 for bit i in the next
solution construction is


 

p · Probπ τit = p = Eπ τit = 1/2.

Lemma 12. The expected coupling time for a speciﬁc bit
is bounded by O((ρτmin )−2 ).
In order to prove Lemma 12 we apply second-moment arguments. The following lemma is a simpliﬁcation of Lemma 7
in [36].

p

As this holds independently for all bits, the next constructed
solution is uniform.

Lemma 13 (Neumann, Sudholt, and Witt [36]).
Consider a stochastic process {Xt }t≥0 on a bounded subset
of R+
0 . Let Ft denote X0 , . . . , Xt , Et+1 := E (Xt+1 | Ft ) and


Δt+1 = E (Xt+1 − Et+1 )2 · IXt+1 <Et+1 | Ft

Now we know what the stationary distribution looks like,
we can focus on estimating the time until we get close to
it. We will basically show that the mixing time of MMAS
on the constant function is O((ρτmin )−2 log n). In order to
prove this, we design the following coupling of two Markov
chains X and Y .
The idea is to let X and Y share random decisions for constructing ant solutions whenever possible, without changing
the original Markov chains. In each iteration we choose
a random vector r = (r1 , . . . , rn ) where all entries ri are
chosen from the uniform distribution U [0, 1]. This vector
shall serve as a shared source of randomness for both X
and Y . Let τ X = (τ1X , . . . , τnX ) be the pheromone vector
corresponding to the current state of X. Construct an ant
solution for X as follows. For all i, if ri < τiX the bit i is
set to 1 and to 0 otherwise. Hence, the bit is set to 1 with
probability τiX . Then the pheromones τ X are updated with
respect to this ant solution. The same is done for Y with the
same random vector r, but with respect to the pheromone
vector τ Y . Note that this way both X and Y are faithful
copies of the original process, when viewed in isolation.
It is obvious that once X and Y attain the same pheromone value at some bit i, they will always have equal pheromone values for this bit. (This is not necessarily true in

with IF being the indicator function of event F .
Given α ∈ R, deﬁne T := min{t : |Xt − X0 | ≥ α | X0 }. If
1. {Xt }t≥0 is a supermartingale (i. e. Et+1 ≤ Xt ) and
2. there exists δ > 0 such that Δt ≥ δ for all 1 ≤ t < T
then E (T ) ≤ 1 + (2X0 + α) · α/δ.
Proof of Lemma 12. By the discussion preceding this
lemma, it suﬃces to estimate the time until the smaller pheromone τiX hits the upper border or the larger pheromone τiY
hits the lower pheromone border. Note that in at least one of
these cases the considered pheromone has distance at least
1/2 − τmin from the considered border.
Now consider a single pheromone τi and assume w. l. o. g.
that initially τi > 1/2. Then the coupling time is bounded
by the time until the pheromone ﬁrst hits τmin . If τi < 1/2
the argument is symmetric; in case τi = 1/2 we just wait
one iteration and then continue with one of the above cases.
When waiting until the lower pheromone border is reached,
we imagine a modiﬁed process where the pheromone is not
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capped at the lower pheromone border. Let τit denote the
random pheromone at time t, then the pheromone is a supermartingale: if the upper pheromone border is not hit then
τit+1 = (1 − ρ)τit + ρ with probability τit and τit+1 = (1 − ρ)τit
with probability 1 − τit , hence


E τit+1 | τit = (1 − ρ) · τit + τit · ρ = τit .

on bit i then has decreased to at most 1/n. This means that
the probability for creating bit value 1 at this bit in the next
constructed ant solution is at least 1/2 − 1/n. As this holds
for all bits independently, the probability of constructing
any speciﬁc target point is at least
n
n


1
2
1
−
= 2−n · 1 −
= Ω(2−n ).
2
n
n

Obviously, taking into account the upper pheromone border
1−τmin , this can only decrease the expected next pheromone,
hence


E τit+1 | τit ≤ τit .

Hence the probability of ﬁnding |S| after 2c(log n)(ρτmin )−2
iterations is Ω(|S|/2n ). This proves the claim.
At this point we can also answer the question how we can
deal with an initialization of pheromones outside V. Our
estimation of mixing times states that the expected time
until the algorithm reaches some pheromone vector in V is
bounded by O((ρτmin )−2 · log n) as we only have to wait
until every bit has hit some pheromone border at least once
to reach V. This additional waiting time vanishes in the
bound from Theorem 8, hence our analysis generalizes to
arbitrary initial pheromone vectors.

As initially τi0 > 1/2 applying Lemma 13 with α := τi0 −
τmin the random time T in this lemma describes the random
time until τi ﬁrst reaches a value of or below τmin . The
ﬁrst condition of the lemma has already been veriﬁed, so it
remains to prove a lower
variance.

 bound on the one-sided
Observe that Prob τit+1 ≤ (1 − ρ)τit | τit ≥ 1 − τit as the
pheromone is decreased with probability 1 − τit . Hence, the
one-sided variance (i. e. the variance when considering only
decreasing pheromone) is at least

5.3 Further Conclusions

(1 − τit ) · (ρτit )2 ≥ (1 − τmin ) · (ρτmin )2 .

The preceding theorem can be immediately applied to
function where plateaus appear as subspaces of {0, 1}n . One
such example was presented by Gutjahr and Sebastiani [11]:
the function NH-OneMax consists of the Needle function
on k = log n bits and the function OneMax on n − k bits,
which can only be optimized if the needle has been found on
the needle part. The function is deﬁned as

Invoking Lemma 13 yields that the expected time until the
lower pheromone border is reached is at most
1 + (2τi0 + α) · α/((1 − τmin )(ρτmin )2 ) = O((ρτmin )−2 ).

Now we can ﬁnally assemble all the pieces to prove Theorem 8.
Proof of Theorem 8. We ﬁrst estimate the worst-case
coupling time T where the worst case is taken over all possible pheromone vectors from V for X and Y . By Lemma 12
the expected time for coupling a single bit is bounded by
c(ρτmin )−2 for some constant c > 0. By Markov’s inequality the probability that the bit will not have coupled within
2c(ρτmin )−2 iterations is at most 1/2. As Lemma 12 holds for
arbitrary initial pheromones, we can repeat this argument
for an arbitrary number of k ∈ N phases of 2c(ρτmin )−2 iterations each. The probability that after all phases a bit has
not coupled is then bounded by 2−k .
The straightforward way to continue is to choose k :=
log(2n /|S|) +
 union bound over all bits
 log n + 1. Taking the
yields Prob T > 2ck · (ρτmin )−2 ≤ |S|/2n+1 . By Lemma 3
this is also a bound on the total variation distance. A solution drawn uniformly at random hits S with probability |S|/2n . Along with Lemma 11 the probability of sampling the set S in the next constructed solution is at least
|S|/2n − |S|/2n+1 = |S|/2n+1 . Hence after 2ck(ρτmin )−2 =
O((log(2n /|S|) + log n)(ρτmin )−2 ) iterations the next constructed ant solution hits S with probability Ω(|S|/2n ). Repeating this argument until the algorithm is successful yields
an upper bound of O((log(2n /|S|)+log n)(ρτmin )−2 ·2n /|S|).
If log(2n /|S|) = ω(log n) this way of arguing does not give
the claimed bound. In this situation it actually makes sense
to exploit the independence of bits once more and to argue about single bits directly. We consider the pheromone
process and the coupling for a single bit only. Let Ti be
the random time until bit i has coupled.
 Setting k := log n
yields Prob Ti > 2c(log n) · (ρτmin )−2 ≤ 2−k = 1/n. By
Lemma 3 the total variation distance between the pheromone distribution on bit i and the stationary distribution

k

xi

NH-OneMax(x) =
i=1

n


xi

.

i=k+1

Theorem 8 then gives another proof of a result published
in Neumann et al. [36]: replacing n by k, the expected time
until MMAS ﬁnds the needle is O((ρτmin )−2 (log k) · 2k ) =
O((ρτmin )−2 (log log n)·n). Including the expected time until
the OneMax part is optimized gives an upper bound for
NH-OneMax.
The analysis from the preceding subsection has also shown
that bits quickly attain a “random” state where the probability of constructing bit value 1 is close to 1/2. The following
result may be useful in a more complex context.
Lemma 14. Call a bit relevant with respect to MMAS and
the current generation if ﬂipping the bit would result in a
diﬀerent solution becoming the next best-so-far solution.
If there is a bit that has not been relevant for MMAS in the
past (ρτmin )2 α iterations then the probability of constructing
bit value 1 in the next constructed solution is within 1/2 −
2−Ω(α) and 1/2 + 2−Ω(α) .
Results of this kind have already found applications for evolutionary algorithms in pseudo-Boolean optimization, see
the proof of Theorem 10 in [4] and Lemma 3 in [22].

6. MIXING OF MMAS ALGORITHMS FOR
SHORTEST PATHS
We present another example where mixing time arguments can be used in a more complex setting: ACO for
shortest path problems. Previous work focused on MMAS
algorithms with best-so-far update. With such an update
mechanism, the underlying pheromone model is, in general,
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Algorithm 2 Path Construction from u to v
1: Initialize i ← 0, p0 ← u, and V1 ← {p ∈ V \ {p0 } |
(p0 , p) ∈ E}
2: while pi = v and Vi+1 = ∅ do
3:
i←i+1
4:
Choose a vertex
 pi ∈ Vi according to probabilities
τ ((pi−1 , pi ))/ p∈Vi τ ((pi−1 , p))
5:
Vi+1 ← {p ∈ V \ {p0 , . . . , pi } | (pi , p) ∈ E}
6: end while
7: return (p0 , . . . , pi )

not irreducible as the algorithm will never leave the set of
global optima. We therefore focus on MMAS algorithms
with iteration-best update, where the best ant solution in
the current iteration is reinforced. This implies that the
best solution found so far can be lost and the system may
converge to a non-trivial stationary distribution. Note that
the best-so-far MMAS algorithm from Section 5 is, in fact,
an iteration-best algorithm on the considered needle functions.
The motivation for analyzing iteration-best MMAS algorithms is manifold. This update scheme is often used in
practice. The recent study by Neumann et al. [37] has shown
that iteration-best MMAS systems can be surprisingly effective in pseudo-Boolean optimization. For shortest paths
the analyses by Horoba and Sudholt [16] have shown that
sticking to the best-so-far path might not be a good choice
when dealing with noise. In a stochastic setting, this might
encourage a risk-seeking behavior that leads to exponential running times on certain instances [16] as the ants may
stick to a sub-optimal path with a large variance. This eﬀect
might become even stronger when, unlike in [16], negative
noise is allowed. In this sense iteration-best ant systems
might be more robust than best-so-far ant systems. Finally,
iteration-best is closer to natural ants; it is interesting to see
whether less powerful ants can perform as well as ants with
a memory.

mones τ : E → R+
0 are initialized such that all edges leaving
some vertex u receive the same amount of pheromone: if
e = (u, ·) then τ (e) = 1/ deg(u). Afterwards, in each iteration the pheromones are updated exactly as in Equation (1),
where P (x∗ ) is redeﬁned to the set of edges that are chosen to be reinforced (i. e. the ﬁrst edges on any path to be
reinforced).
Note that in this setting for a vertex with a large degree
it may happen that the sum of pheromones on the outgoing
edges exceeds 1. This happens if many low pheromones τi
for which (1 − ρ)τi < τmin holds are set to τmin in the pheromone update (1), instead of being set to (1 − ρ)τi . However,
Horoba and Sudholt [15] have shown that when τmin ≤ 1/Δ
holds—we assume that this condition always holds since it is
required for the initialization to work properly—then probabilities and pheromones only diﬀer by a factor of at most 2.

6.1 MMAS for Shortest Paths
We consider the single-destination shortest path problem
on directed acyclic graphs. The task is to ﬁnd shortest paths
from every vertex to a single destination. For simplicity, we
assume that the destination can be reached from every vertex as otherwise we can simply add edges with very large
weights to obtain this property, without changing the shortest paths.
Assume an n-vertex weighted directed acyclic graph G =
(V, E, w) where w(e) denotes the weight of edge e. We deﬁne
a path of length  from u to v as a sequence of vertices
(v0 , . . . , v ) where v0 = u, v = v, and (vi−1 , vi ) ∈ E for
all i with 1 ≤ i ≤ . As the graph is acyclic, a path cannot
contain the same vertex twice. For convenience, we also refer
to the corresponding sequence of edges as path. Let deg(u)
denote the out-degree of a vertex u and Δ(G) or simply Δ
denote the maximum out-degree of any vertex u ∈ V . Let
diam(G) denote the diameter of G, that is, the maximum
number of edges on any path in G.
We describe the considered iteration-best MMAS algorithm and thereby remark that many of the following arguments transfer to other MMAS algorithms that use the
same path construction procedure and the same pheromone
update mechanism. The selection of the new paths to be
reinforced can be diﬀerent.
In each iteration from every vertex λ ants start heading
for the destination. Each ant chooses a path by performing a
random walk through the graph according to pheromones on
the edges; the probability of taking an edge is proportional
to the amount of pheromone. Algorithm 2 gives a formal
description of this procedure.
Afterwards, for each vertex a best path among the λ constructed paths is chosen for an update of the pheromones.
As in previous ant systems for shortest paths a local update
rule is used: an ant at vertex u is responsible for updating
the edges leaving its start vertex u. In the beginning, phero-

6.2 The Mixing Time of MMAS Algorithms
We explain how the mixing time of MMAS algorithms can
be bounded. Consider a coupling of two Markov chains X, Y
with pheromone vectors τX , τY of arbitrary initial entries. In
the coupling in each iteration λ ants are sent whose random
walks are coupled as follows. Consider a setting where an
Y
ant has reached the same vertex in X and Y . Let pX
i and pi
be the probabilities of taking the i-th edge from the current
vertex for X and Y , respectively. Then the j-th ants in X
Y
} both take the i-th edge.
and Y with probability min{pX
i , pi 
Y
With the remaining probability 1− i min{pX
i , pi } the ants
make choices so that each ant makes random decisions according to the original path construction. This generalizes
the coupling from Section 5. Note that whenever all pheromones at some vertex u are the same, all ants in X and Y
make the same decisions at u.
We now consider an incremental coupling for the graph.
W. l. o. g. let V = {1, . . . , n} and assume that the vertices
are topologically ordered with respect to the destination n.
Let Gi denote the subgraph of vertices {i, . . . , n}. Once all
pheromones on outgoing edges for these vertices are the same
in X and Y we say that X and Y have coupled in Gi . As
the vertices are due to a topological ordering, X and Y will
always make the same decisions for any ant traversing Gi .
Also the pheromones on edges in Gi will be the same in X
and Y forever since only ants that start in Gi will change
pheromones on edges of Gi .
Assuming that X and Y have coupled in Gi+1 , we then
estimate the time until X and Y have coupled in Gi . As
in the previous analysis, we rely on pheromone borders for
pheromones to attain equal values in X and Y . We call an
edge e saturated if τ (e) = 1 − τmin . The idea is that once
X and Y have both saturated the same edge at i, they will
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have the same pheromone values on all outgoing edges. This
is veriﬁed in the following lemma.

for any ﬁxed vertex in Lj . By the union bound, the probability that any vertex in Lj is not coupled is at most 1/2.
As the expected number of trials is at most 2, the bound
2((log n) + 1) · 2 max{E (Ti )} follows. Adding these times for
all diam(G) layers proves the second bound.

Lemma 15. Consider a vertex u with a saturated outgoing
edge e. Then for all other outgoing edges e incident to u it
holds that τ (e ) = τmin .

A complete analysis of iteration-best MMAS algorithms
is beyond the scope of this work. The purpose here is to
illustrate how couplings can be used for bounding the mixing
time in a setting where not all components are independent.
The ansatz presented here may be used as a basis for future
analyses. So we only sketch how one could continue to bound
the coupling time of single vertices and arrive at a complete
analysis.
If the ant system is parametrized so that it shows a rather
chaotic behavior, which occurs for large ρ, one might hope to
saturate a speciﬁc edge simply because the ant system might
by chance only construct ant solutions that start with this
edge, until the edge becomes saturated. This resembles the
notion of a landslide sequence for pheromones used in [37].
Indeed, it is not diﬃcult to prove a polynomial bound for
the mixing time of an iteration-best MMAS system with λ
ants if λ/ρ = O(log n).
On the other hand, in a setting where there is good guidance towards ﬁnding shortest paths and shortest paths are
unique, we might experience a drift towards increasing pheromones on the unique ﬁrst edge of a shortest path. This,
in turn, might be transformed into an upper bound for the
time until the edge becomes saturated.
Drift analysis can also be key for analyzing the stationary
distribution. Already the famous work by Hajek [12] has
established occupation time bounds for all considered states.
Simply speaking, in the presence of a drift the probability
of being in a speciﬁc state decreases exponentially with the
distance from the state the drift is pointing to. This can then
in turn be used to lower-bound the probability of being at
a large distance and to show that the closest states (i. e.,
high pheromones on the edges of a shortest path) have a
large probability mass in the stationary distribution. With
this argument, an upper bound on the expected time until
shortest paths are found can be shown.
This way of reasoning might also prove useful for iterationbest MMAS in pseudo-Boolean optimization as the upper
bound in Neumann et al. [37] is based on a positive drift for
all bits.

Proof. Assume deg(u) > 1 as otherwise there is nothing
to prove. We prove the lemma by showing that

τ (e) ≤ 1 + (deg(u) − 2)τmin .
e=(u,·)∈E

This implies the claim since all deg(u) − 1 non-saturated
edges must have pheromone at most τmin for the upper
bound to hold. Note that this upper bound improves upon
Lemma 1 in Horoba and Sudholt [15] where only an upper
bound of 1 + deg(u)τmin was proven.
We ﬁrst show the following. Consider two pheromones
τ1 , τ2 and let τ1 , τ2 denote their respective values after one
pheromone update. If τ1 + τ2 = 1 and exactly one of these
pheromones is reinforced then we claim that τ1 + τ2 = 1.
In case τ1 and τ2 are not capped by pheromone borders,
we have τ1 + τ2 = (1 − ρ)(τ1 + τ2 ) + ρ = 1 − ρ + ρ = 1.
Otherwise, it is easy to verify that both pheromones hit
pheromone borders: τ1 = 1 − τmin ⇔ τ2 = τmin and the
same holds when τ1 and τ2 are swapped. In this case we
clearly have τ1 + τ2 = 1 − τmin + τmin = 1.
This argument proves the claim for deg(u) = 2. For
deg(u) > 2 let τ1 , . . . , τdeg(u) denote all pheromones on outgoing edges of u in order of decreasing pheromones. Assume inductively that the sum of pheromones is bounded
by 1 + (deg(u) − 2)τmin ; note that this property is true at
initialization as there the sum equals 1. The sum of next
pheromones is maximized if as many non-reinforced pheromones are at the lower border τmin as possible. This corresponds to τ3 = · · · = τdeg(u) = τmin and either τ1 or τ2
being reinforced. Due to our assumption, τ1 + τ2 ≤ 1, hence
by our previous arguments τ1 + τ2 ≤ 1. The sum of new
pheromones is hence at most 1 + (deg(u) − 2)τmin .
Using this lemma, we arrive at the following result.
Theorem 16. Consider an iterative coupling of two
Markov chains X and Y representing an MMAS algorithm
on G. Let Ti be the random time (or a random variable that
stochastically dominates it) until X and Y have saturated the
same edge outgoing from i, given that X and Y have coupled
in Gi+1
. Then the mixing time of the algorithm is bounded
by O( n−1
i=1 E (Ti )) and O(max{E (Ti )} · diam(G) log n).

7. CONCLUSIONS
Mixing time estimations and coupling techniques can be
applied to the analysis of randomized search heuristics. We
have demonstrated this for ant colony optimization where
the Markov chain reﬂects a pheromone model with continuous components. We have seen how MMAS deals with
plateaus in pseudo-Boolean spaces and subspaces and discussed how to estimate the mixing time of MMAS systems
for shortest paths in directed acyclic graphs.
We expect the presented techniques to ﬁnd further applications for the analysis of bio-inspired search heuristics.
This includes further probabilistic model-building algorithms
such as estimation-of-distribution algorithms as well as particle swarm optimization and evolutionary algorithms. The
latter class of algorithms is particularly relevant in the light
of recent considerations of non-elitist environmental selection schemes [13, 19, 23, 36]. As these algorithms naturally

Proof. By Lemma 15, E (Ti ) is an upper bound on the
expected coupling
time for Gi under the given circumstances.

Therefore, n−1
i=1 E (Ti ) is an upper bound on the expected
coupling time for G. Using Corollary 4, along with Markov’s
inequality, the ﬁrst upper bound on the mixing time follows.
The second bound follows from a layering argument: consider the set Lj of all vertices having a maximum number
of j edges on their paths to the destination. Observe that
when all vertices in L1 , . . . , Lj−1 have coupled we can use
the previous arguments to estimate the time until a ﬁxed
vertex in Lj becomes coupled. The expected time for this is
at most max{E (Ti )} and by Markov’s inequality the probability of not having coupled in 2 max{E (Ti )} iterations is
at most 1/2. Considering (log n) + 1 periods of this length
each, the probability of not having coupled is at most 1/(2n)
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[11] W. J. Gutjahr and G. Sebastiani. Runtime analysis of
ant colony optimization with best-so-far reinforcement.
Methodology and Computing in Applied Probability, 10:
409–433, 2008.

converge to a non-trivial stationary distribution (in a sense
that stationarity is not equivalent to being in a global optimum), Markov chain Monte Carlo techniques may lead to
running time estimations where common techniques for elitist algorithms break down.

[12] B. Hajek. Hitting-time and occupation-time bounds
implied by drift analysis with applications. Advances
in Applied Probability, 14:502–525, 1982.
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