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ABSTRACT

Sequencing by hybridization (SBH) is a DNA sequencing
technique, in which the sequence is reconstructed using its
k-mer content. This content, which is called the spectrum
of the sequence, is obtained by hybridization to a universal
DNA array. Standard universal arrays contain all k-mers
for some fixed k, typically 8 to 10. Currently, in spite of its
promise and elegance, SBH is not competitive with standard
gel-based sequencing methods. This is due to two main rea-
sons: lack of tools to handle realistic levels of hybridization
errors, and an inherent limitation on the length of uniquely
reconstructible sequence by standard universal arrays.

In this paper we deal with both problems. We introduce
a simple polynomial reconstruction algorithm which can be
applied to spectra from standard arrays and has provable
performance in the presence of both false negative and false
positive errors. We also propose a novel design of chips con-
taining universal bases, that differs from the one proposed
by Preparata et al. We give a simple algorithm that uses
spectra from such chips to reconstruct with high probabil-
ity random sequences of length lower only by a squared log
factor compared to the information theoretic bound. Our
algorithm is very robust to errors, and has a provable perfor-
mance even if there are both false negative and false positive
errors. Simulations indicate that its sensitivity to errors is
also very small in practice.
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1. INTRODUCTION

Sequencing by Hybridization (SBH) was proposed in the late
eighties [3, 9] as an alternative approach to DNA sequencing.
In this technique, a large set of short oligonucleotides (called
probes) is arrayed on a solid surface, forming a DNA chip.
A solution with copies of the target DNA sequence (the se-
quence we would like to read) is brought in contact with the
chip. Oligonucleotides on the chip hybridize with reverse
complement segments of the target DNA molecules.Using
the hybridization signals, the subset of probes that hybridize
with the target (the spectrum of the sequence) is detected,
and a combinatorial algorithm reconstructs the DNA se-
quence from its spectrum. For an overview on SBH see [17,
18, 23].

Initially, SBH was designed for chips with probes consist-
ing of all 4% strings of length k over the DNA alphabet
(A,C,G,T) (we call this design classical SBH). Assuming
that the spectrum is error-free and that the multiplicity of
each k-mer in the spectrum is known, the problem is re-
duced to finding an Eulerian path in a particular directed
graph [16] and therefore is tractable. However, these two
assumptions are not practical.

Real hybridizations are error prone. They contain both false
negative errors (i.e., probes that match the sequence but are
missing from the spectrum), as well as false positives (probes
in the experimental spectrum that do not match any posi-
tion in the sequence). For the case of false negatives only,
several algorithms were proposed [7, 16]. When there are
also false positive errors, there are three known algorithms.
Lipshutz [13] provides an iterative algorithm which assumes
some knowledge of the error rates, and assumes an error
model in which false positives can be obtained only by mis-
matches of a base at one end of the k-mer. The algorithm
may not always converge, but simulations indicate that this
happens with low probability. Blazewicz et el. [6, 5] give
two algorithms that minimize the number of errors and have
worst case exponential running time. Like most of the stud-
ies referenced above, they assume the multiplicity of each
k-mer in the spectrum is known. None of the algorithms
that was previously proposed to address both types of er-
rors has a theoretical proof that with high probability, the
obtained sequence is the original one.

Another main obstacle is that often reconstruction is not
unique. Theoretical studies [2, 10, 24] proved that the ex-
pected length of unambiguously reconstructible sequences



by classical SBH with probes of length k is O(2¥). This
was also observed empirically [18, 19]. In contrast, a simple
information-theoretic argument [21] yields an upper bound
of O(4*) if there are no restrictions on the set of probes,
that is, the length of the target sequence may be no more
than linearly proportional to the number of probes on the
DNA chip.

Several approaches were proposed to decrease the probabil-
ity of ambiguous reconstruction. Among them are alterna-
tive chip designs [19, 21, 22], interactive protocols [11, 25],
using additional positional information [4, 12, 24] and using
a homologous reference sequence [15]. An important break-
through result due to Preparata et al. [21, 22] used univer-
sal bases, i.e., bases which hybridize with each of the four
standard DNA bases (Probes containing universal bases are
also called gapped, as the universal bases form gaps of un-
specified positions between specified ones). Preparata et al.
have given a new chip design based on probes which contain
universal bases and is provably optimal (i.e., achieves the
information theoretic bound) up to a constant factor (all re-
sults here and below hold with high probability for random
sequences of independent, equiprobable bases).

In this paper we deal with the problem of noise in SBH, as
well as with the problem of ambiguous reconstruction. We
first provide a polynomial algorithm which solves the classi-
cal SBH problem with both false negative and false positive
errors. Our algorithm does not assume knowledge of the
spectrum multiplicities. If the false positive rate is small
and the probability of false negative is g, the probability
that our algorithm fails to reconstruct a random sequence
of length O(2(*=39*%) is bounded by an arbitrarily small con-
stant. To the best of our knowledge, this is the first rigorous
theoretical analysis of a polynomial algorithm for SBH with
positive and negative errors. This answers the challenge
posed by Pevzner and Waterman in [20, Problem 35].

We also provide an alternative chip design to the one of
Preparata et al. [21, 22] which uses universal bases. In con-
trast to the latter design, which has a deterministic periodic
structure, we use randomized probes, in which the locations
of the real (specified) bases among the universal ones are
chosen randomly. We provide a second polynomial algo-
rithm to reconstruct the target from such spectrum. Here
too we do not assume that the multiplicities are known. The
probability that our algorithm fails to reconstruct a random
sequence of length O(%)7 using ©(k4*) probes, is bounded
by an arbitrarily small constant, assuming there are no hy-
bridization errors. Hence, our design is optimal up to a
squared log factor.

The main advantage of our randomized probes design is that
the same algorithm has provable performance in the pres-
ence of errors. If the false positive rate is small and the
probability of false negative is ¢, the probability that our
algorithm fails to reconstruct a random sequence of length
o((1 - q)%), using @(%) probes, is bounded by an arbi-
trarily small constant. This is the first rigorous theoretical
analysis of any algorithm for SBH with gapped probes in the
presence of errors: The analyses of [21, 22] assumes error-
free data. Doi and Imai [8] report on an empirical study on
an extension of the algorithms of [21, 22] which handles er-

rors. Furthermore, our simulations show that our algorithm
is much more resistant to errors than both the algorithms
of Preparata et al. and of [8].

The paper is organized as follows. In Section 2 we intro-
duce the model, some definitions and useful lemmas. In
Section 3 we describe and analyze the algorithm for classi-
cal SBH arrays. In Section 4 we introduce the new array
design that uses universal bases and analyze its reconstruc-
tion algorithm. In Section 5 we describe our empirical study,
and we conclude with some possible extensions in Section 6.

2. PRELIMINARIES

In this section we give some basic definitions, describe our
model, and state some known lemmas that we are going to
use in the analysis.

Let ¥ = {A,G,C,T}, where A,G, C and T represent (spec-
ified) nucleotide bases. Following [21, 22], we add a “don’t
care” symbol N, implemented using a universal base [14]
(biologically, a universal base can hybridize to any base).
The DNA sequence that we wish to reconstruct, also called
the target, consists of specified bases only. A probe is a short
sequence of universal and specified bases. A sequence that
contains universal bases will sometimes be referred to as the
gapped subsequence of its specified locations. Hence, AAN-
NTNC is the same as the subsequence AA**T*C.

DEFINITION 2.1  (MATCHING PROBE). Probe a matches
sequence S if it appears contiguously in S.

For example, a =AANNTNC matches TAAGCTGCC. Note
that the probe must be fully contained in S, so a does not
match AACGTA.

A DNA array is a set of probes (typically of equal length).
For a given array, the theoretical spectrum of a target is
the set of all the array probes that match the target. Note
that we ignore multiplicities in the spectrum, so spectra are
viewed as sets and not as multisets.

DEFINITION 2.2  (FOOLING PROBE). For a sequence S,
which is not a subsequence of the target, a probe is called a
fooling probe if it matches both S and the target.

The (experimental) spectrum ES of a target is the set of
probes in the array that were recorded by the experiment as
present in the target. For errorless data, the theoretical and
experimental spectra coincide. We model noise in the SBH
experiment by adding some false positives and some false
negatives to the theoretical spectrum 7: For every probe
a € Aindependently,ifa ¢ T thena € €S (i.e., a appears in
the spectrum) with probability p. This is the false positive
probability. If @ € T then a appears in the spectrum £S
with probability 1 — g, so ¢ is the false negative probability.
This probability is independent of the number of locations
that a matches. Since the probability that a probe matches
more than one location is very low, this model approximates
quite well a model which assumes that false negative errors
occur independently at each location. We assume that p is



small enough so that the number of probes in the spectrum
is dominated by the probes that do belong to 7.

DEFINITION 2.3  (SUPPORTING PROBE). A probe a sup-
ports a sequence S if it matches S and appears in the spec-
trum.

Any probe that is a subsequence of the target is by definition
a matching probe and, in case there are no false negative er-
rors, also a supporting probe. For example, given errorless
k-mer spectrum from a classical array, there will typically
be k supporting probes for any subsequence of the target of
length 2k — 1 (if the subsequence is degenerate there may
be fewer). When errors are introduced, not all matching
probes support a true subsequence, due to false negatives.
A sequence which is not a subsequence of the target may
be supported by fooling probes (which are not false nega-
tives) and by false positive probes (that do not appear in the
theoretical spectrum). Note that the latter are not fooling
probes.

The SBH problem is to reconstruct the target S from the
spectrum £S. We assume we are given a prefix of S, of
length 4 — 1, where 4 is the length of the probes. Note that
there are biochemical methods to fulfill the prefix require-
ment (see [21]). We assume that S is chosen uniformly from
all the DNA strings of a determined length m, i.e., each
symbol is chosen uniformly and independently.

In our analysis, we will use the following Chernoff-like upper
bounds for large deviations (their proof can be found, e.g.,
in [1, Appendix A)):

LEMMA 2.4. Let Z be a random variable with a binomial
distribution Z ~ B(n,p). For every A > 1, Pr(Z > Apn) <

(&)™,

LEMMA 2.5. Let Z be a random variable with the bino-
mial distribution, Z ~ B(n,p). For every a > 0, Pr[Z —

2
np< —al<e ” /2o

3. CLASSICAL SBH WITH ERRORS

In this section we assume that the array consists of all 4%
possible sequences of length k& > 6, over the alphabet ¥ =
{4, G, C,T}. When there are neither false positives nor false
negatives, it was shown [10, 2, 24] that with high probability,
the longest possible sequences to be uniquely reconstructed,
are of length O(2¥). In this section, we address the errors-
prone case. We describe a simple algorithm, and show that
it reconstructs (with high probability) sequences of length
0(2k1-39) for ¢ < % Notice that in the error-free case,
when ¢ = 0, our algorithm is optimal up to a constant. As
the number of probes is 4%, and the length of the sequence
is O(2%), we assume that p < i Note that the length of
the reconstructed sequences is not affected by p.

Let the input sequence be s1,...,8m. Suppose that we al-
ready know the sequence si,...,S8;, and we want to find
8i+1. The reconstruction algorithm is described in Figure 1.

1. Enumerate all 4% sequences @ = ay, ..., ax.

2. Pick a sequence a' such that the number of probes
supporting $;_gi2,...,8i,a1,...,a) is maximal
(breaking ties arbitrarily).

3. Set sit+1 = al.
Figure 1: Algorithm A for Classical SBH.

The running time of algorithm A is O(m4*). Each of the
(2k — 1)-long sequences tried will be called a path.

3.1 Analysisof the Algorithm
THEOREM 3.1. The probability that algorithm A fails is
bounded by an arbitrary small constant, if m = O(211~30%),

PROOF. At each step, the algorithm tries to extend the
current sequence by all possible sequences of length k. A se-
quence path s;_g42,...,8i,a1,...,a} in which the first new
base (corresponding to a} in algorithm A) is wrong, will be
called a bad path. Let us fix a possible bad path. Denote by
Pyoq the probability that the number of supporting probes
of this bad path is greater or equal to the the number of
probes which support the correct path (and hence in this
case the algorithm fails). There are %4’“ possible bad paths,
and the number of possible locations that might lead to an
error is bounded by m. We have to show that the failure
probability is bounded by a constant € < 1. Hence, what we
need to prove is that

Pbad-%4k~m§e

Let X be a random variable that counts the number of sup-
porting probes for the correct path, and let Y be the number
of supporting probes for the bad path. Clearly, Y = Y1 +Y53,
where Y7 is the number of supporting probes for the bad
path that are fooling (probes that appear also in the theo-
retical spectrum), and Y3 is the number of supporting probes
arising from false positives. The algorithm fails if at some
point X <Y.

Suppose there were i fooling probes for the bad path. It
is easy to see that X ~ B(k,1 —q), Y1 ~ B(i,1 — q), and
Y2 ~ B(k — i,p). Note that these random variables depend
on i. However, the value of ¢ will be clear from the context,
so the random variables are not written as functions of 3.

We first prove the following lemma:

LemMA 3.2. The probability that a bad path has i fooling
probes is at most 2(k — ) -m - 47%7¢,

PROOF. In the bad path, the first extension base is incor-
rect and therefore, all ¢ fooling probes match other locations
in the sequence. (Note that for a false path that starts with
1 < j < k correct bases - and hence is not called a bad path



- the first j probes that support such path match also the
correct path. Thus, they appear in the theoretical spectrum
even if they do not match other locations in the sequence.)

Consider first the case where the 7 fooling probes of the bad
path all match a single location (with appropriate shifts),
which means that k + ¢ consecutive symbols of the bad path
appear consecutively elsewhere in the sequence. This hap-
pens with probability at most (k—14)- zZ157 (there are k—1
possible sequences of k + 7 consecutive symbols in the bad
path).

The more general case is that the fooling probes match z > 1
different locations. In this case there are = different subse-
quences of the bad path of lengths k —1+41,...,k—1+14,,
Ele i; = ¢ that appear elsewhere in the sequence. There
are (;:11) possibilities of such decompositions of % into ¢;’s
(the same as the number of possibilities of choosing a mul-
tiset of ¢ — x elements out of = elements). There are kz + %
restricted symbols, at most (') possible sets of locations in
the sequence and at most (k — 7+ z — 1)® possible sets of
indices in the bad path. (Note that the fact that the occur-
rences of the probes in the sequence may overlap does not
affect the analysis, since the number of restricted symbols
remains the same.) Therefore the probability that there are
i fooling probes is at most

Z(’_l) <m> (k—i+z—1)®4 ki<
= rz—1 T

Z(i(k—i+m—1)-m-4_k)z <2k—i)-m-4F"

z=1

471'
)

The last inequality is obtained since for k£ > 6, the first
summand (the expression for z = 1) is bounded by 1 (note
that = < ©), so the whole sum is bounded by twice the first
summand.

Summing over the possible values of 4, and using Lemma
3.2, we obtain

k
Ppoa = ZPr[X < Y] - Pr1fi fooling]

i=0

k
< Y PrX <Y]-2(k—i)ym-47*"

=0
By denoting £(i) % Pr[X < Y]-2(k —i)m?-4~% we get
(1-29)k k
m-4*- Paa= Y f@)+ D, f@) (1)
i=0 i=(1—2q)k+1

which has to be bounded by %e.

We will bound separately the first and the second sum.
Roughly speaking, the second sum is bounded using the
fact that the number of fooling probes 7 is high, an event
which happens with very low probability. The first sum is

bounded by observing that when 7 is small, it is unlikely
that the number of probes that support the correct path is
close to i, since it is far from the expectation.

Let p = m2~ (1739 We will first bound the second sum
in (1). In order to bound Pr[X < Y] we only use the fact
that Pr{X <Y] <1, and we get

k
Z f(i) <2(gk) max f(i) <
i=(1-2q)k+1 i>(1-2q)k
4(qk)?m? . 47H0720 < 2 @)

where the last inequality holds since for every integer z > 0,
2z < 4%, and therefore, 4(gk)* < 49%.

In order to bound the first sum in (1), we will first fix 2 <
(1 — 29)k, and bound f(3). For every j > i,

Pr{X < Y] < Pr[X < j|+PrY > j]

So our goal is to find a number j, such that Pr{X < j] +
PrY > j] is very small.

We will first bound Pr[X < j]. For simplicity of notation, let
T = kk;",yz kk;qj, and § = 1— ¥, and thus, i = k— kqz,j =
k — kqy, and y = z(1 — §). By applying Lemma 2.4 for
Z =k — X, and for A =y, we have

Pr[X <j] = Prlk—X > yqgk]
ev1 qk (1 (e y\ gk 3)
y ey
In order to bound Pr[Y > j|, we first note that Y7 < i is
always true, and thus it is sufficient to bound the probability

Pr(Yz > j —i). We can now apply again Lemma 2.4 for Y>

with A = (k’__i')p = %, and get that

PrY >j] < PrYs>j—i

. e@—P)/ppd/p ”‘1’“’< (ep)ézqk
go/e 5

Denote by v = gk. Define

9(z,7) def 2(k — i)m247"Pr[X <7l

and
h(z,y) & 2(k — i)ym24~ PrlY > j],
such that f(z) < g(z,v) + h(z,v)-

e From equation (3), we get that
g(z,y) = 2(k—i)m?4  Pr[X < j]
2wqkp’4®~D*PprX < §]

5 21: 41!—3 E Y\ 7

p Ty e y

2 z—3 [ € “\7?
2p%z (0.54 - 4 . ,

A

IA



where the last inequality holds since y'/7 < 1.45. Also,
note that g(z,v) only depends on z and + for given e
and p.

e From equation (4), we get
h(z,y) = 2(k—di)ym’4 *Pr[Y > j]
2wqkp?4® =% priy > §]

20wy (6% (4 (617/5)‘5)30)7

2%z (% (4 (ep/a)")“)7

IN

IN

When we set § = 0.05, we get

0.54\" / 11 \*7
g(m77) S 2/)2z (6—4) (1‘0'95> ’

1.45\" @
h(z,y) < 2p’z (6—4) (5170'05) K

We first assume that v > 1. It is easy to verify that g(z,v) <
9p%0.95%7, for v > 1,z > 2, and that h(z,v) < p20.957
when 5p®% < 1. Asp < zi,,, p is sufficiently small, for
sufficiently large k (See Remark 3.3 regarding how to relax
the restriction on p).

From the analysis above, we get that f(i) < 10p?0.95% %
and thus,

Yo f6) <109 io.%" = 200p° (5)

i<(1—2q)k i=2

Putting together equations (2) and (5), and letting p =

v/ 7519 We get

Pr{failure] < Ppaq - %4" -m < %201p2 <e€

Hence, for every 0 < e < 1, if m < ,/“f,—12(1’3")’° then the
failure probability is bounded by e.

The case where 4 < 1 is trivial, as we can add artificial false
negatives so that the false negative rate will be %, and then,
we can recover a sequence of length p2k(1_3/ k) = %2" |

REMARK 3.3. We note that the restriction that 5p%% <
1 can be relaxed, by compromising on other parameters.
For example, one can verify that by using § = 0.5, we get
that all we need in order to show that h(z,7) is small is
that p < 0.01, and to bound g(z,7), it is sufficient to use
m=p- 2'“(1_12“), and to use ¢ > 11. For 2 < 11, we can
bound the sum similarly to equation (2). Thus, in this way
we get a shorter reconstructed sequence in terms of g, but
we can tolerate a constant frequency of false positives.

REMARK 3.4. In case there are only false negative errors,
a similar analysis shows that the length of the sequence is
asymptotically the same. However, the hidden constant is
significantly smaller. It is clear from the proof of Theo-
rem 3.1 that in the case that there are only false positives,
p could be quite large, with a small constant factor loss in
the length of the reconstructed sequence. The proof will be
provided in the full version of the paper.

4. A RANDOMIZED CHIP DESIGN USING
UNIVERSAL BASES

In this section we describe a new array design, over the
alphabet {4, G,C, T, N}, that is, this time we allow gapped
probes. Preparata et al. [21, 22] described a set of ©(4%)
gapped probes, and showed how a randomly chosen sequence
of size m = ©(4*) can be determined unambiguously with
high probability, in the absence of errors. We shall prove
that our new design is noise resistant, i.e., false positives or
false negatives have little affect on the length of constructible
sequences.

We build randomized probes, and show that a sequence of
k

length m ~ 47 can be determined unambiguously, with high

probability, using a simple algorithm, based on a spectrum

of a set of ©(k4*) probes, in the presence of errors. Actually,

k .
we take m = a4—k for some universal constant o and some
constant 3 that depends on the error rates.

We choose a set of probes in the following way. Let ¢ be
a sufficiently large integer. The length of each probe is c -
k + 1. The last symbol of the probe is a specified base,
that is, A,G,C or T. First we form Bk subsets of probes
Ai,...,Agk. For each subset, we pick a random set of k
positions out of {1,...,ck} and form all possible 4! probes
with specified bases in the chosen positions and in the last
one, and the rest universal. QOur overall set of probes is
the union of the above subsets. Thus, the total number of
probes we use is n = Bk4Ft1.

We assume that we are given a prefix of length ck of the
sequence. Let the input sequence be s1,...,8m. Suppose
that we already know the sequence si,... , s;, and we want
to find s;41. The reconstruction algorithm is described in
Figure 2.

1. For each specified base X, count how many probes
support S;_ck41,.--,8i,X.

2. Set s;t1 to be a base that has maximum support
(breaking ties arbitrarily).

Figure 2: Algorithm B for SBH with universal bases.

As to the running time of algorithm B, at each step we
have to check 4 probes from each of the Bk subsets (one
for each possible specified base in the probe’s last position).
Therefore, the total running time is O(km).

4.1 Bounding Probability of Fooling Probes

The following definitions will be useful in the proofs of this
section. We will extend definition 2.1: Probe a partially
matches sequence S if its first ck bases (excluding the last



specified base) appear contiguously in S. Probe a matches
sequence S in location [ if it appears contiguously in S, end-
ing at location I.

Assume we are trying to extend the sequence at location I.
In the absence of errors, a probe that supports a false base
extension has to satisfy two conditions:

1. It partially matches S in location I.

2. It matches S in some other location I'.

Hence, it is a fooling probe. Notice that when errors are
introduced, a supporting probe may be a false positive that
does not satisfy the second condition.

Let S be the set of k indices of the specified bases of probe
Pz, excluding the last specified base. We say that the two
probes p; and p> agree if the values of the specified bases in
indices S1 NS> are the same in both probes. A probe a =
Q1y...,0ck+1 A-self-agrees if for every position 1 < j < ck—
A, aj = aj+a (using the convention that the universal base
N equals to all bases). Note that the last specified base (at
position ck + 1) is not required to match the corresponding
position. Note also that for A > ck, every probe A-self-
agrees.

CLAIM 4.1. For each step of algorithm B, the probability
that a false base will get one fooling probe is bounded by c.

PrOOF. The fooling probe partially matches S at location
I, and matches S in some other location I'. Let A = |I' —1|.
Obviously, a necessary condition is that it A-self-agrees.

We use the notation S, + y to denote the set S, shifted by
y. Let ¢ = |Sz N (Sz + A)|. In each one of the Bk sets of
probes, there are exactly 4*'~% probes which A-self-agree,
since there are ¢ constrained symbols. A probe is a fooling
probe if it A-self-agrees, the |[S; U (Sz + A)| =2k +1—13
relevant specified bases match the sequence, and the base in
location I’ is different from the one in location I. The latter
two events, happen with probability $ i

We multiply this probability by the number of possible loca-
tions I’ and by the total number of A-self-agreeing probes,
and get that the probability that there is at least one fooling
probe in the I*? location is
3 1

m

i™ e AT <a

Notice that this probability is independent of i and 8. [l

CLAM 4.2. The probability that a false base will get two

fooling probes that arise from the same location l' is bounded
by ezp(4k4"(!c—1))
" B

PROOF. Let the two fooling probes be p; and p2. Assume
first that |I' — 1| > ck, and fix i = |S1 N S2|. Both probes
partially match location I/, and match location I'. Thus,

e p; and p; agree. This happens with probability Il;.

e The |S1 U S;| specified bases of both probes p: and p2
match the appropriate symbols in both locations ! and

I'. This happens with probability Wlusﬂ = -

Thus, the probability of this event, given |S1 N S2| = 4, is
1

28—

For the case |I' —1| < ck, if p1 and p» agree, we can consider
a new “meta-probe” with specified bases in locations S; US>
with values induced naturally by the values of the specified
bases of p1 and p2. By combining the above argument with
the argument in the proof of claim 4.1, we get that in this
case, the probability is Lz

Now we will sum over all the values of ¢ to get the desired
probability. Notice first, that

()2

Pr|$1N S| =] = = (6)
(%)
Also notice that
OO K- » K
(C:) =i (k=149 ((c—1k)* ~ il(c— 1)
(M)
Now, by equations (6) and (7), we get
Pr[probes match] =
k
ZPr[p’robes match | |S1 N Sz| = 4] - Prf|S1 N S| = 1]
i=0

< Lk Z i_1|(c4k ) = e:z:p(4k;/4§ec— 1))

CLAIM 4.3. For each step of algorithm B, the probability
that a false base will get two fooling probes is bounded by o.

ProoF. Each fooling probe matches some location in the
sequence. It could be the case that each probe matches
a different location - that will happen, by Claim 4.1, with
probability at most a?, as these events are independent. Al-
ternatively, they could arise from the same location I'. That
is, both probes match the current location and also the same
false location. There are at most m possible false locations
and ('21) possible pairs of probes. Thus, using Claim 4.2, the
probability of the above event is bounded by

P/ (= 1) _ o cap(db/(c=1) _ .

44k = Bk 4k—2 =7

for ¢ large enough. [l



CLAIM 4.4. The probability that throughout algorithm B,
a false base will get three fooling probes from the same loca-
tion in the sequence is exponentially small.

PROOF. Denote the three fooling probes by p1, p2, ps. As-
sume |S1 N S2| =4 and |(Sa N (S1 U S2)| = j. By the same
arguments as in as in the proof of Claim 4.2, we get that
the probability that the three probes agree is ﬁ, and the
probability that they match both locations (given that they

. 1 _ 1
agree) is 22151053U83] —

26k—2i—2; °

Summing over all possible values of 7 and j, and using equa-
tions (6) and (7), we get

Prlthe 3 probes match] =

k
> Pr[|$in S| =]

=0
. 1
ZPT[|(S3H(51U52)|=J'||Slﬂs2|=":]‘m
=0
1 -1, k ue~1,2k—i
— l i (AR T NGyt
S46 Z'i!(c—l),zj!(c—Z) 4
=0 j=0
1 S1, 4k =1, 8k ;
<Nz U Wt i
_4k§i!(c—l);jl(c—2)

k
1 1, 4k 8k
< o 2 (oo eon(-—)

12k /c

1 4k/(c—1) 8k/(c—2) ._ €
S We e ~ 46k

There are at most m? pairs of locations and at most n®
triplets of probes. Thus, the probability is bounded by

12k/c 2 12k/c
2 3€ a’Bke
m'n 10% < 1% <<1

for c large enough.

Hence, the probability that throughout the algorithm, there
are three fooling probes arising from the same location, is
negligible. W

4.2 Correctness of Algorithm B
Now we have the tools to prove the correctness of algorithm
B in the various cases:

THEOREM 4.5. The probability that algorithm B fails is
bounded by an arbitrary small constant, if the length of the
sequence is m = O(%) and the number of probes is n =
(~)(k4k ), assuming there are no hybridization errors.

PROOF. Since there are no errors, the correct base has
always k supporting probes. Fix an incorrect base, and let
Y be the number of supporting probes of this base. The
algorithm fails if at some point Y > k. Therefore, we would
like to show that for some € < 1,

Pr[Y > k] <

€
m

For k > 3, if there are k fooling probes they can be parti-
tioned into subsets of sizes 1 or 2 of probes which come from
the same location (this is true since by Claim 4.4, the proba-
bility of 3 fooling probes that arise from the same location is
negligible). By Claim 4.1, the probability of a single fooling
probe is bounded by a and by Claim 4.3, the probability
of two fooling probes that arise from the same location is
bounded by a?. The number of possibilities for partitions
into subsets is the k** Fibonacci number. Hence,

v enser g ((575) - (55 ) <

for o small enough.

Hence, for any €, one can get m = O(%) and n = O(k4*)
with the desired failure bound. [}

Note that by increasing k, one can get any derived failure

probability even if m = a% and n = k4*,

THEOREM 4.6. Suppose there are both false negatives and

false positives, the length of the sequence ism = O((1—q) %)
and the number of probes is n = @(%kﬁ), where q is
the rate of false negatives and the rate of false positives is
p < TTg' Then, the probability that algorithm B fails is

bounded by an arbitrary small constant.

PRrROOF. Let X be arandom variable that counts the num-
ber of supporting probes for the correct base. Fix an incor-
rect base, and let Y be the number of supporting probes of
this base. Clearly, Y = Y1 + Y2, where Y; is the number
of supporting probes of the false extension that are fooling
probes, and Y> is the number of supporting probes arising
from false positives. The algorithm fails if at some point
Y > X. Therefore, we would like to show that for some
e<1,

l’rpX'fg Y + }3] <

€
m

We first bound X. In this case, X is binomial, as in our
model, the errors are independent. Thus, X ~ B (%, 1—gq)
and therefore, by Lemma 2.5,

Pr[X < k] = Pr[X — 5k < —4k] < e % < 3Lm



Y is the same random variable as Y in the proof of Theorem
4.5 and therefore, Pr[Y1 > %] < &, for a small enough. Y;
is clearly bounded by %. As we need to bound the proba-
bility that Y> is large, we can assume that Y> ~ B (%"’q,p).

The expectation of Y5 is ff—‘; < %. By Lemma 2.4,

k k 1 _1\k €
PilYs > 7] = PilYa > 43+ o] < ((e/43)2e7%) <5

Hence,

Pr[X < Y] < Pi{X < k]+Pr]Y; > k/2]+ Pr[Yz > k/2] < %

REMARK 4.7. The assumption that the false positive rate
is very low has the following biochemical justification. By
increasing the hybridization stringency, the number of false
positives can be decreased at the expense of increasing the
false negative rate, which has a small effect on the success
probability (the length of the reconstructed sequence de-
pends linearly on the rate of false negatives).

5. EXPERIMENTAL RESULTS

We implemented algorithm B and tested it in simulations
with noisy data. The implementation is fast: on a regular
workstation, reconstruction requires less than a second even
with n = 4'° probes and targets of length 35,000.

Figure 3(A-C) summarizes the performance as a function of
the noise parameters. Behavior as a function false positive
rate (A) is surprisingly good and extends far beyond the
range of the theoretical analysis: Even if p = 0.3, we can
reconstruct sequences of length over 10,000. Tolerance to
false negatives (B) is a bit lower. The simulations indicate
a linear correlation between the length of reconstructible
sequence and p. Figure (C) shows the results when there are
both false positive and false negative errors. As expected,
the behavior in this case is dominated by the false negatives,
and a sequence of length 10000 can be reconstructed if p =
g < 0.1. Figure (D) measures the effect of the parameter
c that reflects the length of the probes (and the sparsity of
specified positions in them). For ¢ > 4, the reconstructed
sequence length shows little dependence on c.

Figure 4 compares the performance of our algorithm to the
only other experimental report on performance on error-
prone data using universal probes. Doi and Imai [8] de-
veloped an extension to the Preparata et al. scheme which
handles noisy spectra. For the comparison, we used the same
number of probes reported by [8] and plotted their and our
experimental success rate as a function of the target length.
For the error-less case the algorithm of Preparata et al. is
superior: For example, using 4!° probes, that algorithm re-
constructs sequences of length 70000 bases, while ours can
only reconstruct sequences of length 37000. However, the
results in Figure 4 show that our algorithm is much more
robust to errors. The difference is more pronounced when
one takes into consideration that the results reported on our
algorithms were for p = ¢ = 0.005, while their algorithms
used p = ¢ = 0.001.

1 — T T

— our algorithm
" Preparata et. al.
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Figure 4: Reconstruction success rate (the fraction
of targets correctly reconstructed sequence; a sam-
ple of 200 random sequences was used to obtain
statistics on each data point) vs target length by
our algorithm (solid line) and the extension of Doi
and Imai [8] to the algorithm of Preparata et al.
(dotted line). Both simulations use 4® probes. For
our algorithm the error level used was p = ¢ = 0.005,
while the results reported from Doi and Imai are for
p=q =0.001. The probe sparsity was ¢ = 4.

6. CONCLUDING REMARKS

In this paper we introduced a new approach to design DNA
arrays coping with false positive and negative errors. To
the best of our knowledge this is the first time a theoretical
analysis was done for such a model. We show that both
theoretically, and in practice (using simulations), the sensi-
tivity of our algorithm to errors is smaller, in comparison
with previous algorithms.

We intend to continue our work, and to analyze the algo-
rithms assuming other models of hybridization errors. We
believe that our results carry over to the model of [13], per-
haps after minor algorithmic changes.

A natural extension of algorithm B is an algorithm similar
to algorithm A, that is, instead of counting the number of
supporting probes for only four possible extensions, we could
count the number of supporting probes of a set of possible
paths that extend the current reconstructed sequence. It
is probable that this algorithm will give better results in
practice than algorithm B.

Although universal bases have been generated successfully
in the laboratory [14], it is unclear yet if long probes that
contain many universal bases hybridize reliably. The fact
that low sparsity of universal bases suffices (¢ = 4 when
k = 6) is encouraging.
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